Introduction
In arithmetic ring Z mod p k (prime p >2), the order (p − 1)p k−1 of the cyclic group G k of units implies product structure G k = A k B k mod p k . Extension group B k ≡ {xp + 1} mod p k of order q k = p k−1 has generator p + 1, and 'core' subgroup A k ≡ {n q k } mod p k has order p − 1 for all k > 0 [1] . For each core residue, in a p − 1 order cyclic group, holds n p−1 ≡ 1 mod p k , generalizing Fermat's Small Theorem (F ST ) to precisions k >1. In fact p − 1 generates all 2p k−1 residues ±1 mod p, thus ± B k , due to (p − 1) p m−1 ≡ p m − 1 mod p m+1 . Studying the p-th powers of divisors r | p 2 − 1, complements p − r and p 2 − r are critical in the next analysis mod p 3 .
Regarding the unsolved problem of a simple rule to find primitive roots of 1 mod p k (prime p >2), consider the divisors r of p 2 − 1 = (p − 1)(p + 1). It stands to reason to look for generators of G k (primitive roots of 1 mod p k ) among the divisors of such powerful generators as p ± 1. Given prime structure p 2 − 1 = i p i e i there are i (e i + 1) divisors, forming a lattice, which is not Boolean since factor 2 2 makes p 2 − 1 non-squarefree. The product structure of units group G k mod p k is: Each natural n < p k can be interpreted both as non-negative integer and as residue mod p k , with a unique k-digit representation (base p). Thus B k consists of all p k−1 k-digit representations with 1 as least significant digit, which are all generated as powers of 11 (base p). Subgroup F k = {n p } of p-th power residues in G k has order |G k |/p = (p − 1)p k−2 , for k=2 yielding core A 2 mod p 2 .
Def: the "image" (in B 3 ) of integer r < p 2 is residue r p−1 mod p 3 . And n = n 2 p 2 + n 1 p + n 0 (base p digits n i < p) represents natural n < p 3 as well as the corresponding residue mod p 3 .
By F ST : n p−1 ≡ 1 mod p, for all n = 0 mod p. So all p − 1 units n < p have equal image n p−1 mod p. For most primes they are all different mod p 3 , except for rare primes (e.g. p = 19 :
Main result theorem 2.1: for divisors r | p 2 − 1 (prime p > 2) only r = 1 has r p−1 ≡ 1 mod p 3 . So in rare cases a common divisor image is ≡ / 1 mod p 3 (for p < 4.10 4 only at 41, 43).
, and:
Yet, divisors r | p 2 − 1 do not necessarily, for each prime p, have distinct images r p−1 mod p 3 , although for most primes this holds. A computer scan for primes p < 4.10 4 showed only 41 and 43 have a pair of coprime divisors of p 2 − 1 with equal image mod p 3 : 7 40 ≡ 10 40 and 12 42 ≡ 77 42 respectively, and their common image is not 1 or p 2 + 1 (re: theorem 2.1).
However, the 'complements' p−r and s−p of ordered cofactor pairs rs = p 2 −1 (r < p < s < p 2 ) do have the next unicity property for the product of their images (..) p−1 mod p 3 .
Lemma 2.1 ( Unique p-complement image pair product )
All cofactor pairs rs
Proof. Any pair r, s of natural integers is determined uniquely by their product rs and sum r + s (or equivalently their difference). So all constant product pairs rs = c have distinct sums r + s.
Cofactor pairs (r, s) with rs = p 2 − 1 can be ordered r < p < s < p 2 , and distinct pairsums 2p ≤ r + s ≤ p 2 are minimal at (r, s) = (p − 1, p + 1) and maximal at (1, p 2 − 1). In fact:
(4) p divides r + s only at the two extremes of 2p ≤ r + s ≤ p 2 .
Because r + s ≡ 0 mod p and i = p − r < p imply rs = (p − i)(mp + i) = p 2 − 1 for some m > 0, implying i = m = 1 or i = m = p − 1. And p 2 divides r + s only if r = 1, while p (and not p 2 ) divides r + s = (p − 1) + (p + 1) = 2p only for r = p − 1. So in general, consider 'p-complements' i, j with r = p − i and s = p + j, then:
(5) p 2 − 1 = rs = p 2 + (j − i)p − ij yields ij = dp + 1, where
Distinct j − i yield distinct products ij, ranging from 1 to (p − 1)(p 2 − p − 1) = p 3 − 2p 2 + 1, and:
(6) (ij) p−1 ≡ i p−1 j p−1 ≡ (dp + 1) p−1 ≡ (d + 1)dp 2 − dp
And
Hence d = e, viz. distinct j − i = r + s − 2p, yield distinct product images (ij)
Nor are divisor images r p−1 mod p 3 distinct, in general, as mentioned earlier.
But the uniqueness of 1 mod p 3 as image of only r=1 does follow for r | p 2 − 1 which is next derived, together with p 2 + 1 mod p 3 as image of only r = p 2 − 1, the other trivial divisor.
Only trivial divisors r ∈ {1, p 2 − 1} have image r p−1 ∈ {1, p 2 + 1} mod p 3 .
Proof. Any cofactor pair rs = p 2 − 1 yields a p-complement pair product image:
which is unique for each (r, s) by lemma 2.1. Trivial pair (1, p 2 − 1) with r + s = p 2 (4) yield:
To verify (7) ≡ (8) mod p 3 implies this trivial cofactor pair, let r + s = b ≤ p 2 in (7) :
Theorem 2.1 extends, or rather complements, F ST equivalence n p ≡ n mod p (all n < p) to an inequivalence mod p 3 for divisors of p 2 − 1. Which, however, does not hold for n < p in general, for instance: 68 p ≡ 68 mod p 3 for p=113 (the only case for p < 10 4 ) for non-divisor n=68.
Recall that A 2 ≡ F 2 ≡ {n p } mod p 2 , so all p-th power residues mod p 2 form core A 2 . Now r p ≡ / r mod p k implies inequivalence mod p k+1 , so theorem 2.1 yields directly:
Each proper divisor r of p 2 − 1 has: r p ≡ / r mod p k>2 (not in core A k ).
Since 2 divides p − 1 and p + 1 for all primes p > 2, and 3 divides one of them for p > 3 :
Corollary 2.2 For k ≥ 3 :
2 p ≡ / 2 mod p k for all primes p > 2, and 3 p ≡ / 3 mod p k for all primes p > 3.
Notice rs = p k − 1 has image (rs) p−1 ≡ (rs) p /rs ≡ −1/(p k − 1) ≡ p k + 1 mod p k+1 , and r=1 with image 1 mod p k+1 . To generalize theorem 2.1 for even k = 2m ≥ 2, use "complements" p k − r
